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Abstract. In this work, we study the orbital stability of steady states and the 
existence of blow-up self-similar solutions to the so-called Vlasov-Manev (VM) 
system. This system is a kinetic model which has a similar Vlasov structure as 
the classical Vlasov- Poisson system, but is coupled to a potential in — 1/r — l/r'^ 
(Manev potential) instead of the usual gravitational potential in — and in 
particular the potential field does not satisfy a Poisson equation but a fractional- 
Laplacian equation. We first prove the orbital stability of the ground states type 
solutions which are constructed as minimizers of the Hamiltonian, following the 
classical strategy: compactness of the minimizing sequences and the rigidity of 
the fiow. However, in driving this analysis, there are two mathematical obstacles: 
the first one is related to the possible blow-up of solutions to the VM system, 
which we overcome by imposing a sub-critical condition on the constraints of the 
variational problem. The second difficulty (and the most important) is related to 
the nature of the Euler-Lagrange equations (fractional-Laplacian equations) to 
which classical results for the Poisson equation do not extend. We overcome this 
difficulty by proving the uniqueness of the minimizer under equimeasurabilty 
constraints, using only the regularity of the potential and not the fractional- 
Laplacian Euler-Lagrange equations itself. In the second part of this work, we 
prove the existence of exact self-similar blow-up solutions to the Vlasov-Manev 
equation, with initial data arbitrarily close to ground states. This construction 
is based on a suitable variational problem with equimeasurability constraint. 



1. Introduction and main results 

In this paper, we study the stabiUty of steady states and the existence of blow-up 
self-similar solutions to the Vlasov-Manev (VM) model for gravitational systems. In 
this mean field kinetic model, the usual Newtonian interaction potential is replaced 
by the so-called Manev potential. This potential, which was studied in particular 
by Manev in the 1920' in order to explain some observed phenomena in planetary 
systems [19 | I20 | [2T | I22|. corrects the Newtonian gravitational potential as follows: 

where k is a positive constant. We then consider in this paper the case of a potentiel 
given by: 

U{x) = - 

47r|a;| 27r2|2;|2' 

where 5 is a nonnegative constant. Further physical studies of this potential can be 
found in [7J. The case 5 = 1, k = corresponds to the classical Newtonian potential. 
The case 6 = 0, k. = 1 will be referred to as the pure Manev case. The case 6 > 0, 
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K > will be referred to as the Poisson-Manev case which includes the Newtonian 
case. 

Taking into account this correction, the standard Vlasov-Poisson system is re- 
placed by the following Vlasov-Manev system: 

dtf + v- V^/ - V^(^f ■ = 0, {t, X, v)eM+xR^x M.^ 

(1.1) 

f{t = 0,x,v) = fo{x,v)>0, 

in which / = f{t, x,v) > is a distribution function and (pf the associated potential 
defined as follows. We have 

^f{t,x) = 6(l)'^ + K^f, (1.2) 

where and (p^ are respectively the Poisson potential and the Manev potential 
of / given by: 

Pf being the density associated with the distribution function /: 

Pfit,x) = / f{t,x,v)dv. 

Note that the two potentials satisfy 

A^J = Pf and {-Af^cpf = -pf, 

and in particular the system (jl.ip reduces to the well-known gravitational Vlasov- 
Poisson system in the case 5=1 and k = 0. 

To our knowledge, the only existing mathematical analysis of the Vlasov-Manev 
model is due to Bobylev, Dukes, Illner and Victory OE]. In these works, the local 
existence of regular solutions is proved and some questions of global existence and 
finite-time blow-up are discussed. 

We now give some basic properties of the Vlasov-Manev system (jl.ip . Sufficiently 
regular solutions to (jl.ip on a time interval [0, T] satisfy the conservation of the so- 
called Casimir functionals: 

vte[o,r], ||j(/W)IIli = IIj(/o)IIli (1-4) 

and the conservation of the Hamiltonian 

vtG[o,r], nfit)) = nfo), 

where j is any smooth real- valued function with j(0) = 0, and where 

nfit)) = ||bl'/(i)|Li - Epotifit)). (1.5) 
The potential energy Epot is defined by 

EMfit)) = - [ <Pf{t,x)pf{t,x)dx = 5EP^^{f{t)) + KE^Ufit)), 

where we have denoted 



Epot{f{t)) = - 4>j{t,x)pf{t,x)dx and ^™t(/(t)) = - / (t>f {t,x)pf{t,x)dx. 

Jr3 ' Jk3 

These potential energies are controlled thanks to standard interpolation inequalities: 

< <,(/) < Ci \\\v\'f\\l ll/llf^ ll/lllf^ , (1.6) 
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< <,(/) < C2 lllHVILi ll/lllF'' 11/111?^ , (1.7) 

for all p > 3. 

Our aim in this paper is two folds. First we prove the orbital stability of ground 
states type stationary solutions to the Vlasov-Manev problem. Second we prove the 
existence of exact self-similar solutions to the pure Manev case and in particular 
we construct a continuous family of blow-up solutions to this system around each 
ground state. While the question of non linear stability has not been studied in the 
past for the VM system, it has attracted considerable attention in the case of the 
Vlasov-Poisson system (k = 0), both in physics (see [H E], [3] and the references 
therein) and mathematics community |29^ [51 |9l \T0\ [TT\ [26l [T^ . Note that nonlinear 
asymptotic stability has been proved recently in the remarkable work |24l I25| in the 
case of spatially homogeneous steady states in bounded domains. We emphasize 
that the structure of the equation in the pure Manev case (5 = 0, k = 1) can be 
compared in some sense with the Vlasov-Poisson system in dimension 4 (see 
where blow-up self-similar profiles and pseudo-conformal symmetry are exhibited. 
In the pure Manev case, we shall construct ground states by minimizing the constant 
in the interpolation inequality (|1.7p . following the standard strategy as in the case 
of nonlinear Schrodinger equation |28| . 

On the other hand, the case of the general VM system {6 > 0) is somehow 
similar to the relativistic Vlasov-Poisson system [13], where the stability is proved 
by minimizing the energy and by using a homogeneity-breaking property (which 
comes from the presence of two contributions in the expression of the general VM 
potential with different homogenities). This homogeneity-breaking property makes 
possible to built a well-posed variational problem provided a sub-critical condition 
is imposed on the constraints. In driving the classical approach as in |13) and 
a new important difficulty appears. This difficulty is related to the nature of the 
Euler-Lagrange equations to which classical results for the Poisson equation do not 
extend. In the classical VP complete stability result is generally obtained by 

using both the Euler-Lagrange equation (which is equivalent to a non linear Pois- 
son equation) and the rigidity of the flow. In the present case, the Euler-Lagrange 
equation is a fractional-Laplacian equation, and this prevents from using ODE tech- 
niques. Nevertheless, we prove the uniqueness of the minimizer under equimeasur- 
able constraints by a new argument which completely avoids ODE techniques. This 
argument is again used, together with the help of suitable rearrangement techniques 
as introduced in [15] [T3] , to prove the existence of exact self-similar solutions in the 
pure Manev case, and to build a continous family of blow-up solutions around each 
minimizer. 



In order to state our main results, let us make precise our assumptions. Consider 
a function j : ]R^_ — t- M-|_ satisfying the following hypotheses. 
(HI) j is a function, with j(0) = j'(0) = and such that j"{t) > for t > 0. 
(H2) There exist p,q > 3 such that 

P < ^ < Vt > 0. (1.8) 

We note that (H2) is equivalent to the nondichotomy condition: 

bPjit) < j{bt) < ¥j{t), V6 > 1, t > 0. (1.9) 
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For a function j satisfying (HI) and (H2), we define the corresponding energy space 

£i = {/ > such that ||/||£^. := ||/||^i + ||j(/)||Li + ||I^P/Li < +0°} (1-10) 
and we shall say that a sequence /„ converges to / in 8,j if 

ll/n-/||Li^O, ||j(/„-/)|Ui ^0 and |||^;|2(/„_/)||^^ ^0. 
From the interpolation inequality (|1.7p . the following constant is strictly positive: 

p-3 ^ ^ 2 



pot \ 

(1.11) 



Indeed, from ([Ll]) one has t + j{t) > Ct^ for all t > 0. 



In our first result, we establish the existence of ground states for the Vlasov- 
Manev problem. 

Theorem 1.1 (Existence of ground states). Let j be a function satisfying (HI) and 
(H2). 

(i) Poisson-Manev case (6 > 0). Let Mi > 0, Mj > such that 



p-3 



2 



^ ^ ?t; r]pfir)pfl hii 



where Kf^ is defined by (|l.lip . and let 



^Mi,M,) = {fe ll/llii = Ml, ||i(/)||ii = M,}. 
Then there exists a steady state of (jl.ip which minimizes the variational problem 

I(Mi,M.j)= inf Mf), (1.13) 

where "K is the Hamiltonian defined by p.Sp . 

(ii) Pure Manev case (5 = 0, k = 1). For all Mi,Mj > 0, the following variational 
problem 

IllfPfll 

J(Mi,M,)= inf K(f), withKif) := ' (1.14) 

admits a minimizer. Furthermore, for any given Mi > 0, there exists a unique 
Mj > such that J{Mi, Mj) = 1. Moreover, the minimizers of ()1.14p are steady 
states to (jl.ip i/, and on/y if J{Mi,Mj) = 1. 

(^iiij /n both cases (6 >0), any steady state Q obtained as a minimizer of (|1.13p or 
(|1.14p is continuous, compactly supported and takes the form 

<3(.,„)=(/)-(ai±Mf)^j (U5) 

where A and fi are negative constants. Moreover, (j)Q{x) is spherically symmetric 
(up to a translation shift), increasing and belongs to C^'", for all a G (0,1). In 
(jl.lSp . we used the notation a+ = max{a,0). 

Notice that in the case 5 = 1 and k = 0, the condition (|1.12p is always satisfied. 
In this case, the Vlasov-Manev system (jl.ip is nothing but the classical Vlasov- 
Poisson system, for which it is already known that minimizers of the two constraints 
problem (jl.lSp always exist and that the minimizing sequences are compact, see |11| . 
In |13) . the orbital stability in the case of the VP system has been proved thanks 
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to a uniqueness result of these minimizers which was based on a combination of the 
Poisson equation and the rigidity of the flow. 

Our second main result concerns the orbital stability of the above constructed 
ground states under the action of the Vlasov-Manev flow. As in |13) . the proof of 
these stability results needs in a crucial way the uniqueness of the minimizer under 
some flow constraints (namely the equimeasurability property). However in [13], the 
proof of this uniqueness was based on the use of the Poisson equation satisfied by 
the minimizer. Here, the Euler-Lagrange equation is a fractional Laplacian equation 
and the proof of p^] cannot be used. In fact, we prove this uniqueness result in a way 
that completely avoids the use of the Euler-Lagrange equation, and in particular, 
this generalizes also the uniqueness result obtained in |13| . The only property of 
the minimizers that we use is their equimeasurablity. In particular, our proof avoids 
the usual ODE techniques, which in fact, are useless here since the Euler-Lagrange 
equation is a fractional-Laplacian equation. 

Lemma 1.2 (Uniqueness of the minimizer under equimeasurability condition). Let 

F £ e°(M,M+), strictly decreasing onR_, such thatF{R_) = M+ andF(R+) = {0}. 
We define 

Qo{x, v)=F (^-^ + Vo(a:)) , Qi(x, v) = F (^-^ + V^i(x)^ 

on X M^, where -00 o-n-d "01 '^'"6 t'^o nondecreasing continuous radially symmetric 
potentials such that the sets {x G M^, i^oix) < 0} and {x £ M^, tpi{x) < 0} are 
bounded. Then the equimeasurability of Qq and Qi for the Lebesgue measure in M^, 
i.e. 

\/t > 0, meas{{x,v) e M^, Qq{x,v) > t} = meas{{x,v) G M^, Qi{x,v) > t}, 

(1.16) 

implies that Qq = Qi. In particular: 

(i) Poisson-Manev case (5 ^ Oj; two equimeasurable steady states of (jl.ip which 
minimize ()1.13p under the suhcritical condition (jl.l2p are equal up to a translation 
in space. 

(ii) Pure Manev case (6 = k = \): two equimeasurable steady states of (|l.ip 
which minimize (jl.l4p and which have the same kinetic energy are equal up to a 
translation shift in space. 

Now, using the compactness of all the minimizing sequences of p.l3p and (|1.14p 
(which will be proved) and the uniqueness result stated in Lemma 11.21 we get the 
desired stability results. 

Theorem 1.3 (Orbital stability of ground states). 

(i) Poisson-Manev case (5 > 0). Let Mi,Mj > satisfying the subcritical condition 
p.l2p . Then any steady state Q of p.ip which minimizes (|1.13p is orbitally stable 
under the flow (jl.ip . More precisely, given e > 0, there exists 6{e) > such that 
the following holds true. Consider /q a smooth function with ||/o — QUe < (^(s); 
and let f[t) be a classical solution to (jl.ip on a time interval [0,r), < T < -|-oo, 
with initial data /q. Then there exists a translation shift x(t) G such that, for 
all t G [0, r), we have 

\\fit,x + xit),v)-Q\\^^<e. 
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(ii) Pure Manev case (5 = 0, k = 1). Let Q he a steady state of (jl.ip which 
minimizes (|1.14p . Then for all e > 0, there exists a constant 5{e) > such that 
the following property holds true. Let f{t) be a classical solution to (jl.ip on a time 
interval [0,T), < T < +oo, with initial data fo, satisfying: 

(a) ll/o -QIIli < 5{e) and ||i(/o)||Li < \\jm\L^ + S{e), 

(b) yt G [0,r), X{tmf{t)) < S{e) where X{t) = { I'ffJ^y ' ■ 

Then there exists a translation shift x{t) G such that, for all t G [0,T), we have 



f{t,X{t)ix + xit)), 



m 



< e. 



Remark 1.4. The goal here is to prove this stabihty result assuming the framework 
of classical solutions to the Vlasov-Manev model, and not to solve the Cauchy 
problem. For smooth initial data decaying fast enough at the infinity, the local 
existence and the uniqueness of regular solutions to (jl.ip has been proved in [6]. 
The global existence of classical solutions is an open problem. Our result shows 
that the solutions remain in the vicinity of the ground state Q (up to a translation 
shift), but does not a priori exclude a possible blow-up of some derivative of /. 

Notice that one may not be aimed at a better stability than the blow-up stability 
in the pure Manev case. Indeed the classical stability does not hold as shown by 
the following example (translating the pseudo-conformal symmetry property in this 
case): let g = g{x,v) be a steady state of (jl.ip in the pure Manev case (6 = 0, 
K = 1), then the function fx defined by 

„ , , / Tx T — t X 
frit, x,v)=g [jr^, ~J^'" + f 

is a blow-up solution to the system (jl.ip in the pure Manev case (5 = 0, k = 1), see 

To go further with the pure Manev system our last result gives the existence 
of exact spherically symmetric self-similar solutions (we recall that a spherically 
symmetric function, in this context, is a function which only depends of \v\ and 
X ■ v). 

Theorem 1.5 (Exact self-similar solutions in the pure Manev case). Let Q be a 

steady state of (jl.ip in the pure Manev case (5 = 0, k = 1), which minimizes 
(jl.l4p . Then there exists a constant b* > such that for all b G [0,6*], there exists 
a compactly supported spherically symmetric profile Qh G 6*^(1^^) having the form 

Qb{x,v) = Fb (^-^ + bx-v + <pQt,{x)^ 

on its support, and such that, for all T > 0, the function 

f{t,x,v) = Qb(^-^,X{t)v^ with X{t) = V2b{T - t) (1.17) 

is an exact self-similar blow-up solution to the pure Manev system p.ip in £.j . Here, 
the function <pQ^ belongs to and the function F is a continuous nonnegative 
function on M, which is on ] — oo, eft[ for some ef, < and vanishes on [e^, -|-oo[. 
Moreover, Qf, converges to Qq = Q in Ej as b ^ 0. 
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Remark 1.6. The previous results show that, in the pure Manev case {6 = 0, 
K = 1), around the ground state Q, there are at least three classes of dynamical 
profiles. 

(i) Suhcritical solutions. When the initial data /q is subcritical, i.e. when 

-/(II/oIIli,IIj(/o)IIli)>i = J(IIQIlLi,lli(Q)llLi), 

then the kinetic energy of the solution f{t) is controlled for all time. Indeed, one 
has 

nm) > iiHVii.. (i - ^) 2 \M^n. (i - ,(||;„||,.;,(,„)||,) ) . 

Recall that J is defined by (|1.14p and is continuous and decreasing with respect to 
its two arguments. 

(ii) Pseudo-conformal blow-up solutions. The following family gives an explicit class 
of finite time blow-up solutions [5l [6] : 

f{t,x,v) = Qi^j^^,^v + -j, r>o. 

Note that the kinetic energy blows up with the rate (T — 

(iii) Self-similar blow-up solutions. The family given by (jl.lTp blows up in finite 
time and the kinetic energy blows up with the rate (T — 

The outline of the paper is as follows. Section [2] deals with the proof of Theorem 
11.11 After preliminary technical results concerning some properties of the infimum 
/(Ml, Mj) (Subsection [2Tj, we prove in Subsection 12. 2l the existence of minimizers. 
Then we characterize the ground states: Euler-Lagrange equation, regularity and 
spherical symmetry. Section [3] is devoted to the proof of stability of the ground 
state through the Vlasov-Manev flow as stated in Theorem 11.31 First, in Subsection 
I3.lt we prove the uniqueness of the ground state in the class of equimeasurable 
functions, Lemma [1.2 1 Then we use standard concentration-compactness arguments 
to prove the compactness of minimizing sequences. Combining the uniqueness and 
compactness properties, we finally deduce the orbital stability result, Theorem 11.31 
Section m is devoted to the proof of the Theorem 11.51 in Subsection 14. II we introduce 
the rearrangement with respect of a modified microscopic energy and apply it in 
Subsection 14.21 to build self-similar solutions of (jl.ip in the pure Manev case 5 = 0, 

K=l. 



2. Existence of ground states 

This section is devoted to the proof of Theorem 11.11 

2.1. Properties of the infimum. In this section, we prove two lemmas concerning 
some monotonicity properties of the infimum defined by ()1.13p and by ()1.14p . 

Lemma 2.1 (Monotonicity properties of the infimum I{Mi, Mj)). Let j be a real- 
valued function satisfying Assumptions (HI) and (H2), let Mi > and Mj > such 
that ()1.12p holds, and let I{Mi,Mj) be defined by p.l3p in the case 6 > 0. Then 
we have 



-oo < I{Mi,Mj) < 0. 



(2.1) 
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Moreover the following nondichotomy condition holds true: for all < a < 1 and 
< /3 < 1, 

I{aMi,pMj) + /((I - a)Mi, (1 - /3)Mj) > I{Mi,Mj). (2.2) 
Proof. Step 1. The inEmum is finite and negative. 

We first prove Let / G 'J{Mi,Mj). Then from ([L6l) and (fTTT]) . we have 

P-3 



> llbl VILi - llbl VILi Mi^'-^' (Ml + M,)^ 



7p-9 



C5|||f|2/||ii^Mi'*'"''(^i + (2.3) 
|2#|| f 1 j\/f , /\/rA3(^ 1 llu,|2.||i/2 



Now the subcritical condition ()1.12p imphes that 

1 - -^Mf^\Mi + Mj)^^) > 0. 

Thus ^K(/) is bounded from below, which proves that I{Mi,Mj) is finite. To prove 
that I{Mi,Mj) is negative, we use a rescaling argument. For A > and / S 
3^(Mi,Mj), we consider the rescaled function f{x,v) = f{j,Xv). Then / belongs 
to 3'{Mi, Mj) and we have (see Appendix A) 

nf) = ^\Hf\\L^-lKotif)-^Kotif) 

~ -jKotif) as A ^ +00, 
where £'^j(/) is positive (since / is not zero). The property (j2.ip follows. 

Step 2. The nondichotomy condition. 

We now claim the following monotonicity properties: for all < /c < 1, 

I{Mi,kMj) > k^^I{Mi,Mj) (2.4) 

and 

I{kMi,Mj) > k^^I{Mi,Mj). (2.5) 
Proof of (I23D. Let k £ (0,1] and / G 3'{Mi,kMj). From Appendix El consider 
the unique rescaled function f(x,v) = af{a^^^x,v) in 3'{Mi, Mj). From ()A.2p . we 
deduce in particular that a > 1 and that 

k 

Then, we get 

nf) = Mf\\^,-ahE;:M)-c^-'^E^otif) < |||r^|V|Li-«5 {SEI^M + '^E^itif)) 
and 

/(Mi,M,)<:K(/)< |||^;|V|Li-Q)'^(<5<i(/) + /^<t(/)) < (^)'"'"'^(/)- 
This result holds for all / G J(Mi, /cMj) and k £ (0, 1], which proves 1^^. 
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Proof of (123|). Similarly, we take / e J{kMi,Mj) and set 

f{x,v) = af{a^l^k^/^x,v) 
the unique rescaled function in 3^ {Mi , Mj ) , which implies that a < 1 with 

a'"^ < A; < aP^\ 

Thus, 

nf) = l\\\v\'fy-ah-'/'6Ei:M)-c^''k-^^''^Kotif) 

5p— 6 4p— 6 

111, ,9 II /1\3(P-1) /l\i(p-l) ^ 

From /c < 1 and p > 3, we conclude that 

4p-6 

I{MuMj) < -KU) < Jiif), 

and ([23]) follows. 

We now prove ^21- Let < a < 1 and < /? < 1. Then ([23]) and ([23]) imply 

I{aMi,PMj) > a^=^ P^(^I{Mi,Mj), 

and a similar inequality with (1 — a) and (1 — /3). As we have I{Mi,Mj) < 0, we 
only have to show that 

4p— 6 1 4p— 6 



Q,3(p-1) /33(g~l) + (1 _ Q,) 3(p-l) (1 _ ^) 3(9-1) < 1^ 

which holds true since q > 1 and ^(^Zi) > 1- The proof of Lemma [2.11 is complete. 

Now we state the second lemma concerning the pure Manev case. 

Lemma 2.2 (Monotonicity properties of the infimum J{Mi, Mj)). Let j be a real- 
valued function satisfying Assumptions (HI) and (H2), let Mi,Mj > and let 
J(Mi, Mj) be defined by p.l4p in the case S = 0. Then for all < a < 1 we have 

JiMi,Mj) < J{aMi,Mj) < a^^JiMi,Mj), (2.6) 

a~W^J{Mi,Mj) < J{Mi,aMj) < a~^^ J{Mi, Mj), (2.7) 
In particular, the function {Mi,Mj) i— )■ J{Mi, Mj) is continuous. 

Proof Let Mi,Mj > and a G (0, 1]. Let / G 9'{aMi,Mj) and let 

f{x,v) = 7/ ^jjj^x,v^ 

be the unique rescaled function in 3"(Mi, Mj) given by Lemma [A. 1[ Then we deduce 
from ()A.2p that A = ^ and, since a < 1, we have also 

7'?-i <a< 

Moreover, we also deduce from the rescaling identities of Appendix A that 

K{f) = a'/^j-^/'K{f). 
This yields (|2.6p . The inequality (|2.7p is obtained similarly. □ 
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2.2. Proof of Theorem 11.11 We are now ready to prove Theorem 1.1 which con- 
cerns the existence of the minimizers and some of their properties. 

Step 1. Existence of a minimizer. 

The Poisson-Manev case (J > 0). 

Let Mi,Mj > 0. From Lemma l2.ll we know that I{Mi,Mj) is finite. Consider a 
minimizing sequence /„ of (|1.13p : 

||/n||Li=Mi, ||j(/n)||Li =M, and hm ?{(/„)= /(Ml, Mj). (2.8) 

n— >-+oo 

At fixed n, we denote by f*^ the standard Schwarz rearrangement of /„ with respect 
to the variable x. From the Riesz inequality, we have Epotifn^) ^ Epotifn)- Thus 
we have J{(/*^') < '}i{fn) and we may assume that the sequence /„ is spherically 
symmetric in space. 

We now observe that the sequence (/„) is bounded in £j. Indeed, from the 
subcritical condition (jl.l2p . the kinetic energy of /„ is controlled by the inequality 
(|2.3p . Thus, from Lemma [B.2l of Appendix B, there exists / G £j such that 

in LP(R6) and Epotifn) ^ Epotif). 

By lower semi-continuity, we then have 'K(f) < /(Mi,Mj) which implies f ^ 
since I{Mi,Mj) < (see (|2.ip ). Therefore there exist < a,/3 < 1 such that 
11/11^1 = aMi and ||i(/)||Li = l3Mj. Combining this with ([23]) and ([S]!]), we get 

13^(^1 {Ml, Mj) < ?{(/) < I{Mi,Mj). 
Hence a = /3 = 1 and / is a minimizer of (|1.13p . 

The pure Manev case [5 = 0, k = 1). 

Let /„ be a minimizing sequence of (jl.lip . By a similar argument as above, we 
may assume that /„ is spherically symmetric in space. Moreover, from the rescaling 
formulas of Appendix |Bl the sequence of functions defineci by f^i — fn(^^~ Xn"^^ 
(where = || It'P/nllLi) satisfies 

/„ G3-(Mi,Mj), K{fn)=K{U) and \\\v\'' UWl^ = I. 

In particular, (/„) is bounded in £j. From Lemma [B. 2 1 of Appendix [Bl there exists 
/ S £j such that 

/„-/inLP(R6) and EpotCfn) ^ Epot{f). 

Since (/„) is a minimizing sequence of (jl.lip . Epot{fn) converges to J{Mi, Mj)~^ . 
This implies that 

Epot{f) = J{Mi,Mj)-' >0 

and then / 7^ 0. 

Moreover, from Fatou's Lemma, we have K{f) < lim'mf K{fn) = J{Mi, Mj) and 
we have also / G 3^{aMi, (3Mj) with < a,/3 < 1. A similar rescaling as in the 
proof of Lemma 12.21 gives 

K{f) > , JjMuMj), 

a 3(9-1) /33(p-i) 
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which imphes that a = (3 = 1. Therefore / is a minimizer of the variational problem 
(OH . 

Step 2. Euler-Lagrange equation for the minimizer. 
The Poisson-Manev case [5 > 0). 

Let Ml , M2 > satisfy the subcritical condition (|1.12|) and let Q be a minimizer of 
(|1.13|) . Our goal in this step is to derive the Euler-Lagrange equation satisfied by 
Q. Let £ > 0. We introduce the set 

Se = {ix,v) gW^, Q{x,v)>e}, 



and pick a compactly supported function g G L°°(M ) such that g > almost 
everywhere in R^\S'£. Then, 



for all t e 



0,^ 



ft = Q + tg£E-j\{0}. 



Similarly as in Appendix 1X1 there exists a unique pair (7^, r]t) positive numbers such 
that the function ft defined by 



ft{x,v) = -ft ft ( a;, ( ^ ) V 



belongs to 3"(Mi,Mj), which is equivalent to 

^* = ^^^^^^ -|b-(7J*)llLi = ^ll/tllLi. (2.9) 

ll/illLi It Ml 

By differentiating the first equality, we obtain for t — )• 

rit = l-^t + o{t). (2.10) 
For all t G [0, jrir-] and for ah 7 G Ml, we set 

II5II oc ■' 

G{-f,t) = - [ jiift)-^ I ft. 
Then G is clearly a function of t and 7. Moreover, from Appendix [Aj we get 

This implies that t 1— )• 74 is a function and, by differentiating (j2.9p with respect 
to t, we obtain 

^' = ^+(j7V^[ 9-^1 j'{Q)g\t + o{t), ^ t^{), (2.11) 

where, from the hypothesis (jl.Sp . Cq = ||j'(Q)Q||Li — Mj is a positive constant. 
Since Q is a minimizer of (jl.l3p and since ft belongs to 3"(Mi, Mj), we have 

t^o t 
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From the computation in Appendix [Aj we also have 

5/3 



\v?ft 



— \\\v\ 

It 



EpotCft) - EpotiQ) = Vt (^EpotiQ) - 2t j^^ (t>Qg + t^Epotig)^ - EpotiQ)- 
Inserting the expansions (|2.10p and (j2.1ip in these expressions, we get 

J^^(^-^ + ^Q-X-fij'{Q)^g>0, (2.12) 

with 



3Cq Ml \ 6 \ Cq 



We now observe that ^ and A are negative. Indeed, the equahty I{Mi,Mj) = 
llbPQiLi - EpotiQ) gives 

A = ±- (/(M,.M,) - Q.^Q^Q _ 3i(Q))) . 

where /(Mi,M,) < and, from ([13]), j'iQ)Q - 3jiQ) > 0. Since equahty (l2J2]l 
holds for all g G L°°(IR^) which is compactly supported on S^, we have 

M! + _ A - ^j'{Q) = on Se. 

This means that this equality holds on Supp(Q). Similarly, out of the support of Q, 
as (7 > 0, we have 

|2 



^ + - A > 0. 



We finally get, for all ix, v) G 



Qix,v) = if) 



2 



^- + (pgix) - a' 



We will show later (Step 3) that (pQ is a function, which is sufficient to ensure 
that Q is a steady state. Indeed, from (HI), we deduce that the function (j')"^^ is 
on with ij')~^iO) = 0. Hence, Q being a function of the microscopic energy is a 
steady state of (jl.ip . at least in the weak sense. Note that Q is in the interior of 
its support and is continuous but may have an infinite derivative at the boundary 
of its support. 

The pure Manev case (5 = 0, k = 1). 

Let Q be a minimizer of ()1.14p . To get the Euler-Lagrange equation, we simply 
differentiate / i— )• Kif) following the same procedure as above and find after com- 
putations 



Q = if 
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with 



EpotiQ) -J^'-- qMiCq ' 3Cq 

By inserting these expressions in (jl.ip . we observe that / is a steady state of (jl.ip 
if and only if 7 = 1, which means J{Mi, Mj) = 1. Let Mi > be fixed. From 
the control of the infimum (|2.7p . we deduce that the function Mj i— )• J{Mi, Mj) is 
continuous, strictly decreasing and satisfies 

lim J(Mi,Mi) = +00, lim JiMuMA = 0. 

Therefore, it is clear that there exists a unique Mj such that J{Mi, Mj) = 1. 

Step 3. Regularity of the potential (j)Q and compact support of Q 

Let us prove that (pq belongs to C^'", for all a G (0, 1). Using the expression of Q, 
we get 

PqW = f (/)-' ( 3LLMi)^) (2.13) 

Passing to the spherical velocity coordinate ti = and performing the change of 

2 

variable w = we get 

Pq{x) = 4TTV2\ti\2 / {j')-^{k{x)-w)^V^dw, (2.14) 
Jo 

where k{x) = ^ . We remark that the support of pq is contained in {x G 

A* 

M^, k{x) > 0} and that < (j)q{x)/p. Moreover, from (H2), for all s > we 

have 

{jT\s) < C [s^ 

Therefore 

Pq{x) ^ C Uk{x) — w)p-^+{k{x) — w)'i-^j\/wdw 



< C 



((Mx)+)^+^ + ((A;(x)+)t+^) 



< c(|,^Q(x)|5+i^ + |</.Q(x)|t+^). (2.15) 

Since Q belongs n , p > 3, and since \v\^Q belongs to L^, we deduce from 
interpolation inequalities that pq £ ^^ L^^ with po = ffEj £ (f' §]■ 

Assume now that pq G H for some | < A; < 3. Then from the Hardy- 
Littlewood-Sobolev inequality, we deduce that (jiq belongs to all with 3 < s < 00 
and that (f>Q belongs to all with | < s < Hence, from (|2.15p . since q > p, 

we deduce that the function pq belongs to with 

Using (|2.16p and p > 3 (Assumption (H2)), a simple bootstrap argument enables 
to prove that there exists r > 3 such that pq £ L'^ . 
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Consequently, from Sobolev embeddings and from {—A)^/'^(I)q = —pq, we deduce 
that the Manev potential (j)^ belongs to 6°'° for aU a e (0, 1-f ). Since this function 
converges to at the infinity, we have (j)Q G L°°, and then (j)Q £ L°°. Thus (I2.15P 
gives pq G L°°. Finally, using again Sobolev embeddings, (pQ and (pQ belong to 
e°'" for all a G (0,1). 

From the regularity of (pq, the fact that this function goes to as |x| — )• +oo and 
that A < 0, one deduces that 

Supp(Q) = |(x,^;)GM^ M! + _ a < o| 

is a compact subset of M^. 

Let us now prove that pq belongs to C'^'" for all a £ (0, 1). Passing to the 
spherical coordinate in velocity in the expression (|2.13p of pq and performing the 

change of variable s = 2 +'^q(^) yields 



, 3 



1/2 



pq^x) = \p\^V2 I (/r^(.)(^^^^^^^-.) ds. 

For all A; G R, denote f{k) = f^^{j')^^ (s) {k — s)^"^ ds. We claim that, for all 
ko > 0, we have 

\fki,k2e{-oo,ko], \f{ki)- f{k2)\<{j'rHko)kl^^\ki-k2\. (2.17) 
By taking /cq = -^q deduce from this claim that 

V(x,y) G M^ \pq{x) - pqiy)\ <C\^q{x) - cPqiy)\ . 

This shows that pq G C*^'" for all a G (0, 1). Next, since we have 

^q=A-\pq)-{-A)-y'{pq), 

we can conclude from standard regularity argument that (f>q G S^'° for all a G (0, 1). 
This is the regularity of the potential stated in Theorem 11.11 Let us now prove the 
claim (|2.17|) . For all ki < k2 < kg, we have 

fik2)-fiki) = £ (/)-H^)((A:2-s)f -(A:i-5)f 

ds 



< (jTHko) / ((^2 - s)f - (A:i - s)f ) 



]ur\ko) [{k2)f - (fci)f ) < {jr\ko)ki/\k2 - fcij 



3 

Since / is an increasing function, this yields (|2.17p . This concludes the proof of the 
regularity of the potential stated in Theorem 11.11 



Step 4. The functions pq and (pq are spherically symmetric and monotone. 

Consider a minimizer Q of ()1.13p , continuous and compactly supported thanks to the 
previous step, and denote by Q*^ its symmetric rearrangement with respect to the x 
variable only. We have clearly Q*^ G 3"(Mi, M,) and / \v\'^Qdxdv = J \v\'^Q*^dxdv. 
Moreover, by the Riesz inequality (see [16]), we have 

/ Q{x,v)Q{y,w)g{\x-y\)dxdy<[ Q*^{x,v)Q*^y,w)g{\x - y\)dxdy (2.18) 
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for all {v,w) G X R^, where g{r) = ^ + ^ (recall that 6 > and k > 0). 
Therefore, by integrating this inequality with respect to v and w, one gets 

EpotiQ) < EpotiQ*^), 

which means that 'J{{Q*^) < 'K{Q): Q*^ is also a minimizer of (|1.13p . Hence, we 
must have equality in the above inequalities: Epot{Q) = Epot{Q*^) and, even more, 
we have an equality in (|2.18p for all v,w. We are then in a situation of equality in 
the Riesz inequality: since the function g is strictly decreasing, we deduce that (see 
|16|). for all v,w, there exists a translation shift xo{v,w) such that 

Q{x,v) = Q*''{x + xo{v,w),v) and Q{x,w) = Q*''{x + xo{v,w),w). (2.19) 

Let V be such that Q{-,v) ^0. Q being compactly supported, we integrate the first 
equality in (j2.19p against x and obtain 



xQ{x,v)dx = I xQ*^{x + XQ{v,w),v)dx 

xQ*^{x,v)dx — xo{v,w) I Q*^{x,v)dx. 



Hence, we have the expression 

/jg3 x{Q{x,v) - Q*^{x,v))dx 



xo{v,w) 



/k3 Q*''{x,v)dx 



and then Xo{v, w) is independent of w. Similarly, using the second equality in (|2.19p . 
one obtain that xq is independent of v. We have proved finally that there exists 
xo G such that 

Qix,v) = Q*''ix + xo,v) = Q*''{\x + xo\,v), Vt; G Ml 

Consequently, up to a translation shift, pq is a nonincreasing function of 

Let us now prove that <j)Q is a nondecreasing function of r = . Since the function 
j is convex and ^ < 0, the expression (|2.13p shows that (j)Q{r) is nondecreasing on the 
compact support of the nonincreasing function PQ{r). Let [0, -Rg] be this compact 
support. 

For |x| = r > Rq, we have 

<^^(x) = - / J^^dy and 0^(x) = - / :^^^,dy. 
^ yR3 47r|x-y| Jf,3 27r^\x - y\^ 

Passing to the spherical coordinate (see the proof of Proposition IB. II in Appendix 
IB]) . we have 







Since the function r i— )• ^ In ^1 + j is positive and decreasing, (j)Q is nondecreas- 
ing on [Rq, +oo). The proof of Theorem 11.11 is complete. □ 



16 



MOHAMMED LEMOU, FLORIAN MEHATS, AND CYRIL RIGAULT 



3. Orbital stability of the ground states 

To prove the orbital stability result stated in Theorem 11.31 we first need to prove 
the uniqueness of the minimizer under equimeasurability and symmetric constraints 
which are inherited from the invariance properties of the Vlasov-Manev flow. This 
uniqueness result is at the heart of our stability analysis and is quite robust in 
the sense that its proof does not use the Euler-Lagrange equation. Technically, 
the uniqueness proof only uses the fact that a minimizer is a function of a cer- 
tain microscopic energy, which is not necessarily that of the minimizer. Therefore 
our proof does not use the equation satisfied by the potential itself (a non linear 
fractional-Laplacian equation in the present case). 

3.1. Uniqueness of the minimizer under equimeasurability condition. This 
subsection is devoted to the proof of Lemma 11.21 

Let ^ ^ 

Qo{x, v) = F (^-^ + M^)^ , Qi{x, v) = F + iJi{x] 

be the functions defined in Theorem 11.21 Note that ijjQ and ipi are not supposed to 
coincide with (j)Q^^ and (j)Q-^ respectively, which means that they are not supposed to 
satisfy the fractional-Laplacian equation. For i £ {0, 1} and for all r < 0, we define 

L,|2 



Oi/), (t) = meas | (x, u) G M , + ipi {x) < r 

From the equimeasurability of Qq and Qi and the properties of the function F, we 
have 

Vr < 0, a^g{T) = a^^ir). (3.1) 

For i G {0, 1}, we define 

/i^^(A) = meas |x G M^, ipi{x) < A| 
for all A < and we have then for all r < 0, 

a^.('r) = J^^ f^i'r - dv. 

Passing to the spherical velocity coordinate u = |f | and performing the change of 
variable w = r — we obtain 

a^.(r) = 47r\/2 / ^^.{w)y/T -wdw. (3.2) 

J — oo 

We claim that the expression ()3.2p and the equality (|3.ip imply that, 

for almost all A < 0, /^^^(A) = /i^^(A). (3.3) 
Hence, as tpQ and tpi are continuous and nondecr easing, we have ipQ = tpi on the set 

{x e M^ iJo{x) <0} = {x e M^ ipi{x) < 0}, 

which immediatly gives Qq = Qi. 



Proof of (j3.3p from (|3.ip and (j3.2p . By differentiating with respect to r the function 
a^. defined by (|3.2p . one gets 



Vt<0, a'^^ir) = 27rV2 r 

J —on 



^^^^""^-.dw. (3.4) 



^Jt - w 
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Now, remarking that, for w < X, the following integral is constant: 

Jw \J {X — T)\T — W) 

one deduces from the Fubini theorem that 



A n> 



oo 



=dT = 2'K\f2 f fi^.{w)I{X,w)dw = 2Tr'^V2 f fi^.{w)dw. 

T J —OD J —oo 



Thus, from a^^ = a^j, we deduce that /^^^(A) = fi^-^{X) for almost all A < 0, and 
the proof of (|3.3p is complete. 



End of the proof of Lemma \1.2[ Let Qq, Qi be two equimeasurable and spherically 
symmetric steady states to (jl.ip which minimize the variational problem (jl.l3p in 
the Poisson-Manev case (6 > 0) or the variational problem (|1.14p in the pure Manev 
case ((5 = 0, K = 1). From Theorem II .11 there exist Xq, no, Xi, ni < such that, for 
iG{0,l}, 



2 



Q,(,,„) = (/)-.(i±Mil^l ^ (3,5) 



We now define, for i £ {0, 1}, 

Qi{x,v) = Qi ( — l/^il^^^^ 
The function Qq and Qi are still equimeasurable and satisfy 



Qi{x,v) = {j') — V'i(a^) with il^iix 



Since (pq. is continuous nondecreasing and converges to as r — )■ +oo, the function 
ijji is continuous, nondecreasing and the set {x E M^, tpo{x) < 0} is bounded. From 
the previous step, we then conclude that 

Qo = Qi, 

which means that 

Qi (x,v) = Qq ( — ,av) with a = . —. (3.6) 
Vet / \ fJ-o 

We shall now prove that a = 1. 

The pure Manev case. In this case, the equality of the kinetic energies (which is 
assumed in this lemma) directly gives a = 1. 

The Poisson-Manev case. Let us derive a virial identity satisfied by the minimizers 
Q of (jL13p . using a rescaling argument. For A > 0, we set fx{x,v) = Q{Xx, j), 
which implies fx G 3"(Mi,Mj) and 

nfx) = MQWl, - X5EP^,{Q) - X'kE^UQ)- 

This function of A has a strict global minimizer in A = 1. which yields the following 
virial identity: 

llbl'QiLi - - ^<t(Q) = 0. (3.7) 
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Moreover we recall that Q satisfies 

\\\v\''Q\\^, - 5E^,^{Q) - kE^M = HMuM,). 
Combining this two equalities, we get 

^-E^,,{Q) = -IiM,,M,). (3.8) 

Let us now use this identity for the two minimizers Qq and Qi. From p.Sp and 
()2.ip . one deduces that 

E^^^iQo) = <oi(Qi) > 0. 
Moreover, from (|3.6p and Appendix \K\ one gets 

This yields q = 1, which ends the proof of Lemma ll.2[ □ 

3.2. Orbital stability of the minimizers, proof of Theorem IL31 In this sub- 
section, we prove Theorem 11.31 

The Poisson-Manev case. 

Let Q be a minimizer of (jl.l3p and assume that Theorem IL3I is false. Then there 
exist e > and sequences Jq £ £.j, tn > 0, such that 

hin =0, (3.9) 

and 

Vn>0, VxoGM3, \\r{tn,x,v)-Q{x + xo,v)U^>e, (3.10) 

where /"(t,x,f) is a solution to (II. ip with initial data /q. 
From (13.91). we have 



hin Jiif^)=I{M,,Mj), hm Wf^W^r = M,, lirn ||i(/o'^-Q)||ii = 0. (3.11) 

n— >+oo n— >+oo n— >+oo 

In particular, /q converges to Q in the strong topology and hence almost ev- 
erywhere, up to a subsequence. Using the assumptions (HI), (H2) and the con- 
vexity of j, we deduce from a classical argument (see Theorem 2 in [4]) that 

IIj(/o")IIli ^ 

Let now gn{x,v) = fnitn,x,v). By the conservation properties of the Vlasov- 
Manev system (jl.ip . we have 

lim J{{gn)=I{Mi,M^), lim = Mi, lim \\j{gn)\\L^ = Mj, (3.12) 

n— >+oo ra— )-+oo n—^+oo 

and, for all t >0, 

meas{(x,t>) £ M^, fif„(x,u) > t} = meas{(x,'t;) G M^, /o (x,t>) > t}. (3.13) 
From Appendix lA\ let us define 

such that = Ml and ||j(9„)||_li = Mj. Then, from p.l2p . 

7„ ^1, A„ ^ 1, (3.14) 

and 

lim ^(5j= lim :K(g„) = /(Mi, M,). 
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Hence 'g^ is a minimizing sequence of (|1.13p . Now, from classical arguments based on 
concentration-compactness techniques (|17|. |18j ) and the non-dichotomy inequality 
(j2.2p (see and [13] for more details), is relatively strongly compact in £.j and 
converges to a ground state Qi, up to a subsequence and up to a translation shift 
in space. Hence, by (|3.14p . we have 

gn Qi in £j (3.15) 

up to a subsequence and up to a translation shift. 

Let us now prove that the equimeasurability (|3.13p and the convergences of 
Qn and /q imply the equimeasurability of Q and Qi. Indeed, we remark that, for 
t > and < e < t, 

{gn >t} C {{\gn - Qi\ <e}n{Qi>t- e}) U {\gn - Qi\ > e}, 

{gn >t}D{\gn-Qi\<e}n{Qi>t + e}. 
By passing to the limit as n — )• -|-oo, one gets 

' limsupmeas{(/„ > t} < meas{Qi > t — e}, 

n—^+OD 

< 

liminf meas{(7„ > t} > meas{Qi > t + e}. 

V n— >+oo 

Finally, passing to the limit as e — )• 0, we have meas{gn > t} — )• meas{Qi > t} 
for almost all t > and similarly meas{/^ > t} — )• meas{Q > t} for almost all 
t > 0. Observing that the functions t i— )• measjQ > t} and t i— )• measjQi > t} are 
right-continuous, we obtain the equimeasurability of Q and Qi. 

We now use the characterization of ground states stated in Theorem 11.11 and the 
uniqueness result given by Lemma 11.21 to conclude that, Q = Qi, up to a space 
translation shift. Finally, p.lSp contradicts (|3.10p and the proof of Theorem 11.31 is 
complete. □ 



The pure Manev case. 

To prove Theorem 11.31 for the pure Manev case, it is clearly sufficient to prove the 
following proposition. 

Proposition 3.1. Let Q be a steady state of (jl.ip which minimizes (|1.14p and let 

(/n)n>i G £j such that 

Vs > 0, lim meas{(2;,t') G M^, fn{x,v) > s} = meas{(x,^;) G M^, Q{x,v) > s} 

n— >+oo 

(3.16) 

and 

ll/nki ^ IIQIIli, limsup|U(/„)||ii < |U(Q)|Ui and lim sup < 0. 

n— >-|-oo lll^^l JnuL'^ 

(3.17) 

Then there exists {yn)n>i sequence on M'^ such that up to a subsequence 

f V \ / llluPQII/- ^ ^^"^ 

fn A„(x + yn),i—] ^ Q in S,j, where - 



/nllLl 
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Proof. From the assumption (ii), the sequence of rescaled functions defined by 

fn{x,v) = fniKx, ^) satisfies 

Vs > 0, hm meas{(x,u) G R^, fn(x,v) > s} = meas{{x,v) G M^, Q{x,v) > s}, 

n— >+oo 

(3.18) 

hmsup:H:(/„) < and then lim inf Epot{fn) > IM'^QWl^ = Epot{Q) > 0. (3.19) 
From concentration-compactness argument [17^ [T8] and using Lemma 3.2 in |llj . 
one can deduce that the sequence /„ satisfies one of the three fohowing alternatives: 
compactness, vanishing or dichotomy, see e.g. Lemma 3.2 in jllj for the definitions 
of these standard notions. In fact, we shah prove that only compactness may occur. 

Indeed, vanishing cannot occur, since ()3.19p prevents Epot{fn) from going to as 
n — >■ +00. Next, if dichotomy occurs (see ||llj). then there exist < a < 1 such 
that, for all e > 0, there exists a decomposition /n = /n + /n + '^n^ with disjoint 
supports, such that we have 

lll/nllLi - <^\\Q\\lA + lll/nllLi " (1 " «)IIQIIli| < ^, (3-20) 

and 

EpotiL) - Epotif^) - Epot{f^)\ < e. (3.21) 

The control of the mass (|3.20p and the monotonicity of the infimum from Lemma 
[22] imply that 

KUl) > J(a||Q||ii + e, ||j(/^)llLO > J(«IIQIIli + e, Wmh^)- 
By choosing e < ^^^||Q||li, we ensure that 

and then 

nfn) = lliH'/^lLi (i - -j^^ > ci iibiv^lLi , (3.22) 

where Ci > does not depend of e and n, which gives 

liminf J{(/^) > 0, and similarly liminf :K(/^) > 0. (3.23) 

n— >+oo n— >+oo 

Moreover, we have 



Jia\\Qh^+e,\\jm\L^) >j(^\\Q\\L^,\\jm\L^ ) > 1 



^(/n) = \\\v\ fnllLi + \\\^\ fnllLi + \\\v\ Wn\\j^i - Epotifn) 

> :k(/1) + j{(/2)-£, 

where we used (|3.2ip . Passing to the limit in this inequality as n — )• +oo, we obtain 

iimsupmfn)+ nfn))<£- 

n— >+co 



limsup(|||^;|Vn||ri + llblV^IL) < Ce, 



From (|3.22p . we deduce that 

'''"'"''^^^'iLl IM^I Jn\\L 
n— j-i-oo 

where C > is independent of e. Then, using 

EpotUk) + Epotif^) = \\\v\'f^,\\^, + -?C(/i) -m') 

together with ()3.23p . we get 

lhnsnp{Epot{f^) + Epotif^)) < Ce. 
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For e small enough, this contradicts (|3.19p and (|3.2ip . This proves that dichotomy 
cannot occur and then compactness follows. In particular, there exists a sequence 
of translation shifts y„ such that, up to a subsequence, 

/n(-+yn)^/mLi(IR6) and EpotiL) ^ EpotU)- 

Moreover, by lower semicontinuity and by p.l9p . we have 

< and K{f) < limsnp K{fn) < 1. 



Therefore, by (j2.7p . we have 

1 = jm\\L^, iu(q)iilO < J (iiqiil^, iu(/)iili) < kU) < i. 

The strict monotonicity of the function Mj i— )• J{Mi, Mj) yields 

= IU(Q)IIli and K{f) = l. 
From this, it is now standard to conclude the strong convergence /„(• + y„) — t- / 
in 8.j. Note that / is a minimizer of (jl.l4p satisfying ^ = 

Furthermore, from the strong convergence of /„(• + y„) to Q and from their 
equimeasurability deduced from ()3.16p . one can prove that / is equimeasurable to 
Q (this proof can be done following the same lines as in the above proof of orbital 
stability for the Poisson-Manev case). Therefore, from Lemma ll.2| one deduces 
finally that / is equal to Q, up to a translation shift. This concludes the proof of 
Proposition 13.11 and the proof of Theorem 11.31 is complete. □ 



4. Self-similar solutions in the pure Manev case 

From now on, we only consider the pure Manev case [5 = 0, k = 1). This section 
is devoted to the proof of Theorem 11.51 Let Q be a steady state solution to (jl.ip 
which minimizes (|1.14p . 

We seek, for b small enough, a compactly supported and spherically symmetric 
stationary profile Qb G with cpq^ £ e^(IR^), such that 

Qb(^-^^^it)v^ with X{t) = v/26(r - t) (4.1) 

is a solution to (jl.ip in the pure Manev case. Inserting (|4.ip in (|l.ip yields, at least 
in the weak sense, the Vlasov-Manev system in self-similar variables 

V ■ V^Qb - V^^Q, ■ V-aQb + h{x- V^Qb - V ■ = 0- (4.2) 

We first observe that a function of the form 

g{x, v) = F + bx-v + (t)g{x)^ 

satisfies this equation. However, for non trivial profiles F and for 6 7^ 0, it can be 
seen that such a function does not belong to £j (it has always infinite mass and 
energy). To solve this problem we proceed as in |23| [T2] and introduce a radial 
cut-off function x from to [0, 1] such that 

x{x) = 1 for |x| < and x(^) = for |x| > R^^ = 2r^, 
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where r-^ > will be defined later on (see (j4.46p ). We shall prove the existence of 
a function having the form 

Qb{x, v)=f(^-^ + bx{x)x • f + (x)^ , (4.3) 

which is compactly supported in {|2;| < r^}. Here, the function (pQ^ belongs to 
and the function F is a continuous nonnegative function on M, which is on 
] — oo, eo[ for some eo < and vanishes on [cq, +cxd[. Hence, we have 

Qb{x, v) = F — \-hx ■ V + 4>Q^{x)^ , V(a;, v) G such that |x| < r^, 

which is sufficient to deduce that Qb is a solution to (j4.2p . 

To construct such self-similar profile Qb, it is natural to use a minimization prob- 
lem with constraints. However, if the number of constraints is finite, which is the 
case for instance if we prescribe the mass and a Casimir functional as in Section [21 
then the uniqueness of the minimizer is not garanteed. This uniqueness property 
will be crucial to ensure that Qb is in the vicinity of Q. Therefore, we will choose 
a variational problem with an infinite number of constraints which, using Lemma 
11.21 will lead to a unique minimizer. More precisely, we define the following set of 
constraints: 

Eq((5) = {/ € £j : / is equimeasurable with Q} . (4.4) 
Then we consider the associated variational problem 

Tb := M{Tb{f) : f G Eq(Q), spherically symmetric with Epot{f) = Epot{Q)} , 

(4.5) 

where 

" + ^X(a^)2; • f{x, v)dxdv (4.6) 

and we claim the following Proposition. 

Proposition 4.1. Let Q he a steady state of (|l.ip in the pure Manev case which 
minimizes (|1.14p . Then there exists b* > such that the following holds. For all 
b € [0,6*], the variational problem (|4.5p has at least one minimizer. Moreover, there 
exists a family of minimizer s Qb of (|4.5p , taking the form 

Qb{x,v) = Fq^I— + bx{x)x ■ V + i^bfpQtix) 

where Ub is a positive constant and x{x) has been defined above, and such that, as 
6 — >• 0, we have the convergences z^^ — t- 1 and Qb ^ Qq = Q in 8,j. Here, the 
function Qb has its support in {{x,v) E M^, |x| < r^}, the function cpq^ belongs to 
and the function Fq^ is a continuous nonnegative function on M, which is on 
] — oo, eb[ for some Cb < and vanishes on [cb, -|-oo[. 

This result will be proved in the sections below. Now, using this Proposition 14. 1| 
we end the proof of Theorem 11.51 To obtain the desired form (|4.3p we first rescale 
the function Qb given by this proposition as follows: 

Qb{x,v) = Qb(x,— 
V H 
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and set b = v^b. This ensures that Qj, is a function of 



— + bx{x)x ■ V + (j)Q^{x). 

Denoting back Qf^ and b by Qf, and b respectively, we can conclude that we have 
constructed a function Qb of the desired form. To prove that this function is a 
solution to (|4.2p . we need the continuity of Qb on and its regularity in the 
interior of its support. This regularity can be deduced in a similar way as for Q, 
see Section [2.21 Step 3. The proof of Theorem 11.51 is complete. It remains to prove 
Proposition 14.11 For his purpose, we need some tools which we introduce in the 
following subsection. 

4.1. Reduction to a functional of a modified microscopic energy. Let us 

first define 

^rad = {(pf, f e £j,rad}, with 8,j^rad = {/ G £j, / Spherically symmetric}. (4.7) 

From Lemma IB.H we deduce that there exists a constant C > such that, for all 
0/ G ^rad, we have 

Moreover, by interpolation and using (H2), we have 

||p/||li + ||/^/||l^<C||/||£^., « = ^^- 

Therefore, from Hardy-Littlewood-Sobolev, one deduces that S L^, for all | < 
k < and in particular, since p > 3, one has 



L3 



<C||/||£,. (4.C 



As we said, we shall construct Qb as a minimizer of the functional Tb defined by 
()4.6p under equimeasurability constraint. Similarly as in |14l 115) . the key tool to 
study this variational problem is the symmetrization with respect to the microscopic 

I |2 

energy ^ — h bx{x)x ■ v + (j){x). Before defining this symmetrization, we need to 
introduce and study the Jacobian associated with this change of variable. 

Lemma 4.2 (Definition and properties of the Jacobian ab^(f,). Let (j) £ ^rad\{0} and 
b G M+. Defining the Jacobian function Ub^^j, ■ — )• M"*" as 

L,|2 



C'b,^{e) = meas | (x, f ) G M , — — h bx{x)x ■ v + (p{x) < e j , Ve < 0, 
we have the following properties. 

(i) The Jacobian ab^tj, is given by the explicit formula 

(a) Let Cb^cf, = infess </)(r) — ^''^^^^''^ g U {— oo}. Then ab^,p{e) = for all 

e < efe,(/) and Ob^cj, is a strictly increasing diffeomorphims from [eb^(p,0) onto M^. 
We will denote by a^^ the inverse function of Ob^^f,. 

(Hi) Let (fn) be a bounded sequence in £>j^rad\{0} and let {en,bn) be a sequence in 



24 



MOHAMMED LEMOU, FLORIAN MEHATS, AND CYRIL RIGAULT 



X and assume that there exist f E £j,rad\{0}, e G M~ U {—00} and b G 

fn^fin L^(M^), e„ — > e and 6„ — ^ 6. 
Then, by denoting ab^0^(— 00) = and ab^0^(O) = +00, we have 

ab„,^fjen) ^ ab,^^.{e) and Vs > 0, a^^^^^^ (s) ^ a-J^(s). 
Proof. Proof of (i). We remark that 

— + bx{x)x ■ V = -\v + bx{,x)x\ ^ . 

Hence, by performing the change of variable w = v + bx{x)x with respect of the 
variable v, and passing by the spherical coordinate we find 



abAe) = (4vr) J r dr J l^^^^^^^, (Mi)i)i<e|^ ^u. 

Formula (|4.10p follows. Since G <&rad\{0}, we have both the control (|4.8p and the 
fact that the set {x G M^, (^{x) < e} is bounded. These two properties ensure that 
the integral in ()4.10p is finite. 

Proof of (a). By dominated convergence, we deduce that e 1— )• ab^e) is on M*, 
with 

a'b^e) = ^^^^^[^ (e - m + ' ' r^dr > 0. 

For eb^(i) < e < 0, we have clearly a'jj^{e) > 0. Let us prove that a^^e) converges 
to +00 as e — )• 0. We observe that, for / G £j,ra(i\{0} there exists > such that 
II/r||li = ^II/IIlI) where fn = fl\x\<R- Thus one can prove that 

\ct>f{r)\ > |0/,(r)| ~ as r ^ +00, (4.11) 

which gives 



Hence, ah^e) — >• +00 as e — )■ 0. Since, we have clearly ab^eb^ = 0, item (^zij is 
proved. 

Proof of (Hi). The sequence (/„) is bounded in £.j^rad- Then, from Lemma lB.21 in 
Appendix B, up to extraction of a subsequence, we have in particular 

^fn ~^ 'Pf almost everywhere. 
From (|4.8p and the boundedness of (/„) in £.j^rad, we have 

C 

'^/"(^) ^ 

Thus 

_ M + M|>f < + _^ + 

when r converges to the infinity. S ince e^i — y e as n — y -l-oo, this implies that, for 
e G [—00,0), the function 

\2' 



+ 
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is uniformly compactly supported. Therefore, by dominated convergence, we deduce 
that 

Let us now treat the case e = 0. Remark first that for all n G N, we have 

afe„,</.„(en) > ao,0„(e„), 

and thus it is sufficient to prove that ao,</)„(e„) converges to 06^,^(0) = +oo as n — )• 
+00. Let M > be an arbitrary constant. We know that 

yx€R\ \<Pf{x)\ > (4.12) 

Denote 0„ = |x G M^, \(pf„{x)\ < 2{i+\x\'^) | ^^'^ eo < be such that 

Cf , 3M 



2(l + |x|2)y^ 47r^/2' 
For n large enough, we have e„ > eo and thus 

, , ^ 8ttV2 f f Cf 



3 jRS\n„ \ 2(1 + \x 



> 2M--^/ (eo + ^(^j cix. 



(4.13) 



To prove that the second term converges to as n — t- +oo, we remark that the set 
of integration of this term has the form fin H -6(0, R) with R > independent of n. 
Now, from (|4.12p and from the definition of r2„. 

Since converges to (pj in L^(R'^) by Lemma [B.21 we deduce that the measure of 
the set n B{0,R) converges to 0, which implies that the integral 

f f ^ f \ '^^'^ 

Jn„nB{o,R) V ^ 2(1 + |x|2)y^ ^ 

converges to as n — t- +oo. Thus, for n large enough, afc^,,/,^ (e„) > ao,0„(era) > M. 
which concludes the proof of the convergence of 0'b„,<f>ni^n)- 

Now, we shall prove that for all s G M^, we have (s) — )• Let 

e„ := (■s)- We know from the above result that, if converges to e G [— oo, 0], 

then 

^ = ^b„,4>f„{en) ab,0^(e). 
Hence, the sequence (e„) converges to e = %^^{s)- The proof of Lemma 14.21 is 
complete. □ 

Now, we are ready to construct our symmetrization of / with respect to a given 

I |2 

microscopic energy '-^ + bx{x)x ■ v + (pix). To that purpose, we first recall that the 
Schwarz symmetrization Q* of the function Q is the unique nonincreasing function 
on M"^ such that 

VA>0, ^iQ*{\) = hq{X), 
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where 

^Q.(A) = meas{s G M+ : Q*{s) > A}, hq{X) = {{x,v) G : Q{x,v) > \} . 

Note that Q* is compactly supported and continuous (since Q is compactly sup- 
ported and continuous). We shall denote 

= min{r G M+ : Q*{r) = 0}. (4.14) 

Lemma 4.3 (Rearrangement with respect to the microscopic energy). Let (f) G 

^rad\{0} and b>0. We denote by Q*^'<^ the nonincreasing continuous function of 
the microscopic energy defined by 



Q* ° { -^ + bx{x)x ■ V + (j){x)j if '-^ + bx{x)x ■ v + (j){x) < 0, 

2 



I 1 2 

if ^-^ — h bx{x)x • V + (p{x) > 



Then the following holds. 

(i) The function Q*^'^ is compactly supported and 

SnMQ*''^) = + ^X{x)x ■ V + (^{x) < a,-;;(r,)| , 

where is defined by ()4.14p . 

(ii) We have Q*^^* G Eq(Q) and 

\vfQ*''^*{x, v)dxdv < Ciimla + 6^). (4.15) 

(Hi) Let (fn) be a bounded sequence o/ £j ,,arf\{0} and let (bn) be a sequence o/M+ 
such that fn^fj^^ in L^(M^) and bn ^ b. Then, 

Q*bn,c^f„ _^ Q*b,4>f l\R^) n LP(M^). 
(iv) For all f G Eq((5), spherically symmetric, and for all i/ > 0, we have 

+ bx{x)x-v + iy(l)f{x)^ (^Q*^'''^f{x,v)- f{x,v)^dxdv <0 (4.16) 

with equality if, and only if, f = Q*^'^'t'f , 



\v\ 

T 



Proof. We first remark that property (i) is a direct consequence of the definition of 

Proof of (ii). Recall that, for all A > 0, 

;Uq.6,0 =meas{(x,u) GM^ Q**''^(x, v) > a} . (4.17) 

If A > Q*(0) = IIQIIloo, we clearly have ^lQ*b,<,>{\) = = ^q(A). If A < Q*(0), then 
we have 

/iQ.b,^(A) = meas|(j;,v) G M^,a{, + 6x(3^)a^ ■ + 0(2;)) < sup{r, Q*(r) > A}| 
= sup{r,Q*(r) > A} = ^q(A). 

Thus the functions Q*^''^ and Q are equimeasurable. To estimate its kinetic energy, 
we remark that 

n{Q*'^^) > I (^-^- bR^\v\^ Q*'''t' >\j \v\''Q*'^'P - 52411^11^,. (4.18) 
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Moreover, from the definition of Q*^'^, one deduces tliat 

< - / cl){x)Q*''^'^{x,v)dxdv < ||0||l3||Pq.^^IL3/2 



< C||</.||i3||Q*^'*||^/'|||H2g*M||i/2 < C||0|U3|||^;|2Q*^'<^||^/^ 

where we used an interpolation inequality and ||Q*'''''^||l3 = ||Q||l3. Combining this 
with ()4.18p gives the control of the kinetic energy (|4.15p . 

Proof of (in). From the continuity of Q* and from Lemma 14.21 (ii) and (in), we 
clearly have, for any sequence e„ — )• e, 



Moreover, by Lemma [B. 21 up to a subsequence, (j)f^ — )• (pf almost everywhere in M . 
Denoting 

en{x,v) = — + bnX{x)x ■ V + (l)f^{x), e{x,v) = — + bx{x)x ■ V + (pfix), 
we deduce that 

for a.e. {x,v) G E^, en{x,v) — )• e{x,v). 

Thus Q*^"^'t'" converges to Q*^''f' almost everywhere in and the equimeasurability 
of Q*''"'^" and Q*^''^' gives the convergence in D W . 

Proof of (iv). Let / G Eq((5) be spherically symmetric and let > 0. We have 
(j) ■= = G $rad\{0}. We denote / = Q*^'*^ and we use the layer cake 
representation 



f{x,v) = / li<j(^^^)(it. 
Jt=o 

Then from Fubini's theorem, 

+ bx{x)x ■ V + (j){x) I (/(x, v) — f{x, v)) dxdv 



\v\^ 



2 



^ — h • u + (/>^ dxdv 

= L {^7icc,v)<t<nx,v) - l/(.,.)<i<7(x,.)) + bx{x)x ■V + ^^ dxdv 

/■ll/IU / f /b|2 \ /• /|„|2 \ \ 

= / dt \ I — - — h • f + </> dxdv — / I — — h bx{x)x ■ v + (f)] dxdv , 

it=o y5i{t) V 2 y Js^{t)\^ J J 

with 

= {f{x, v)<t< fix, v)}, S2{t) = {fix, v)<t< Jix, v)}. 
Now, from the equimeasurability of / and /, we have 

Vt > 0, meas(5'i(t)) = meas(5'2(t)) 
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and, since / is a nonincreasing function of ^ — h bx{x)x • v + (p{x), 
a2{t) = sup ^ + bx{x)x ■ V + (/){x] 



\v\^ 



- , '^J^{,,A^^^x{x)x-v^4){x)\=ax{t). 

(x,t;)eSi(i) [ 2 



Thus 



— — h bxix)x ■ V + (j){x) ) dxdv < meas{S2{t))a2{t) < meas(5i(t))ai(t) 



— / (■^"o — \- bx{x)x ■ V + (j){x)\ dxdv, 
JsAt) V 2 J 



'Slit) 

which yields ()4.16p . In the case of equahty in this above chain of inequalities, it is 
easy to prove that / = /, see for instance |14l I15j . □ 

4.2. Existence of self-similar solutions. The goal of this subsection is to prove 
Proposition 14.11 

Step 1: uniform bounds. Let < 6 < 1 be given. In this step, we prove that Tf, 
is finite and that there exists C* > 0, independent of b, such that all minimizing 
sequence (/^)neN of ()4.5p satisfies, for n large enough, 



'nh, < C*. (4.19) 



For all {x,v) S M^, we have 



— + bx{x)x -vy^-- bR^\v\ > - b^Rl 



2 ' - 2 

and so, for all / E Eq((5), we have 



n{f)>\ J \v\^f-b^Rl\\Qh.. (4.20) 

This shows that > — oo. Moreover, if (/^)neN is a minimizing sequence of the 
variational problem (|4.5p . then for n large enough we have 



mfn) <i + n<i + n{Q) <^ + c J \v\^q. 

This, combined with (j4.2Qp yields the existence of C*. 

Step 2. For all b G let (/^)nGN be a minimizing sequence for (|4.5p . In this step, 

we show that there exists a sequence (u^) of positive numbers such that (Q*^''^"'^fn), 
defined by Lemma l4.3| is also a minimizing sequence of ()4.5p . The interest of this 
new minimizing sequence is its compactness property, as it will be proved in the 
third step. 

Lemma 4.4. There exists b* > such that the following holds true. For all b G 
[0,6*] and for all minimizing sequence {fn)neN of the variational problem (|4.5p . 
there exist < < and a sequence of positive numbers (^'^)neN i 

such that, up to a subsequence, we have Epot{Q*^''^"''^A) = Epot{Q)- Moreover, we 

have rf,(Q*^'''"*/^) < Tb{f^) with equality if and only if Q*^'""''^ it = fb_ 
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Proof of Lemma \4A[ Let 6 > be given and consider a minimizing sequence (/^)„gN 
of the variational problem (j4.5p . From Step 1, we know that (for n large enough), 
this sequence satisfies the bound (|4.19p . 

We first observe that u i— )• Epot{Q*^'^'^ ^^'') is continuous on M^. Indeed, by Lemma 
Ol (Hi), we know that u ^ Q*^''"^fl is continuous from to L'^{M.^) n LP{M.^). 
Hence, from the kinetic control (|4.15p and Lemma [B. 21 of Appendix B, one deduces 

the continuity oi v ^ EpotiQ*^'^'^^^)- 

We claim now that, for h small enough, there exist Q < u~ < such that, up to 
a subsequence with respect of n, we have 

EpotiQ*''"' '^f-) < EpotiQ) < EpotiQ*"'"'''^^'). (4.21) 
Since Q*^''"''fk e Eq(Q), we have, by 

< EpotiQ*''""^ fk) <C [ \v\^Q*'''"^fkix,v)dxdv. (4.22) 
Furthermore, the control of the kinetic energy (|4.15p . together with (j4.9p . gives 
I Ivl'Q^'^-'^f^ < Ci.Vn\\l+b') < CiiC*uf + b% 

where we also used ()4.19p . Hence from ()4.22p . one deduces that there exists G 
(0, 1] and > such that for all b € [0, b^] and for all n, we have 

EpotiQ*''''~^^')< EpotiQ). 

Note that 6J depends only on Q, and does not depend on the sequence (/^). 

Let us now prove the second part of the claim (I4.2ip . Since the sequence (/^)„gr^ 
is bounded in £ j , Lemma IB. 21 of Appendix B implies that there exists G £ j,racZ 
such that up to a subsequence, as n — )• +oo, 

- A in LP(M6), Epotifi,)= lim Epotifj = EpotiQ). 

n— i-+oo 

In particular, fb'/'O and, by Lemma 14.31 (in), for all > we have 
Q*b,u,l>^t, _^ Q*hMs, in L^M^) n LP (M^) as n ^ +oo. 

Thus, from the kinetic control (|4.15p . iQ*^'^"^^^) is bounded in £j and spherically 

symmetric, which implies that EpotiQ*''''^'^^") converges to EpotiQ*^''^'^^'') as n — t- 
+00. Consequently, to prove the claim (|4.2ip . it is sufficient to show that, if b is 
small enoug h, there exist u+ such that EpotiQ*^'" '^■^0 > EpotiQ). This result will 
a consequence of the following lemma, which is proved later. 

Lemma 4.5. There exists 62 > such that the following holds true. For all f G 

fij.rad satisfying 

Epotif) = EpotiQ), II/IIli < IIQIIli, IU(/)IIli < IU(Q)IIli (4.23) 

and 

nif) + ^ii/iIl^ <n + ^iiqiui, (4.24) 

for some b G [0, ^2]) we have 

limsnpEpotiQ*''''"''/) > EpotiQ). (4-25) 
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Before proving Lemma 14.51 let us use it to end the proof of Lemma 14.41 Let 
us check that fh satisfies the assumptions of Lemma 14.51 for 6 < 62 • Note that 62 
given by this lemma is independent of the function fj,. First, satisfies Assumption 
(|4.23p because of the weak convergence of (/^) to (/b) and of the strong convergence 
of the potential energies. To prove that ff, satisfies Assumption (j4.24p . we remark 
that 

v(.,„, , Re, M!+,,„,.„+(^ = t+M£)d!+ > „. 

Hence, by lower semicontinuity, one has 

nih) + ^iiaiIli < liminf ( nift) + ^11/^11,11 =n + ^hqh^i. 



Therefore, we may apply Lemma 14.51 and get the existence of z/"'" such that, for 



b<bl 



EpotiQ*'' '^'')> EpotiQ). 
Hence the claim (|4.2ip holds true for all < 6 < 6* = min(6J,62)- Note that b* is 
independent of the sequence (/^). One can chose G [i^~,z^"^] such that for all n, 

we have EpotiQ*''""'^ f^) = EpotiQ). 

Now, it remains to show the second part of Lemma 14.41 We have 

niQ*''''"'^A) = J (^-^ + bxix)x . V + ui4>f,^ix)^ Q*''''"'^A{x,v)dxdv 

-vi I cl)ftix)Q*^'''"'''ttix,v)dxdv 



< nifi) + vi j <Pf,^ix)fiix,v)dxdv-vi j cPf,ix)Q*''''"'^fkix,v)dxdv, 
from the inequality (|4.16p . Observing that 

- I cl>f,ix)Q*'''''''^fkix,v)dxdv = \ [Epotif'j + EpotiQ*''''"'^f'-) - EpotiQ*"'"-'^ - f'j) , 
we get 

r,(g*^'^"^.^0 < mfj + 1 (i?,.,(Q*^'^"^A'o - Epotifj) - ^EpotiQ*''''"''^'^ - fn). 

Since 

EpotiQ*'''""'^ ^") = Epotifn) = EpotiQ), 

we deduce that TbiQ*^''^"^^^^) < Tfe(/^). By Lemma [4.3l (iv), this inequality becomes 
an equality if and only if = Q*^''^"'^fn. The proof of Lemma 14.41 is complete. □ 

Proof of Lemma 14.51 We proceed by contradiction. We suppose that there exists 
a sequence bk going to as /c — )■ +oo and a sequence (/fc) such that, for all k, the 
function fk £ E-j satisfies ()4.23p . ()4.24p and 

limsnpEpotiQ*'"'''"^^^) < EpotiQ). (4-26) 

u—^+oo 

From the Cauchy-Schwarz inequality, we have for all > 

- f H^Q*'""'^'' < EpotiQ*'""'"^f^)'^Epotifk)K (4.27) 
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and thus the mequahty (|4.26p imphes, for aU k, 

hmsupf-/ (t>AQ*''"''^'A <Epot{Q)- (4.25 

u->+oo V / 

Moreover, by Lemma [4.31 (i), for ah k, we have 



C <^ {x,v), (f>f^{x) < ——^ + 



-1 



Now, from the exphcit expression of ai)^^ySf and for e = a, , we get 

r* = ab^,u^^^{e) > ao,^^^^ (e) = i^^^^ao,^^^ (^) , 

and then. 

Since, as z/ — )• +oo, the right-hand side of (|4.29p goes to Oq^^ (0) = — ||0/fe||L°° £ 
[— oo,0[, we deduce that 

hmsup {- j^^<Pf^Q*^>^^'^<t>fu^ > UfjL^WQUi > UfjL^\\fk\\L^>EpotUk). 



(4.30) 

Hence, from (j4.28p and Epot{fk) = Epot{Q), the inequahties in (|4.30p are ah equal- 
ities. Thus the sequence (/fc) satisfies for ah k, 

IIMIli = IIQIIli and UfjL^Wfkh^ = EpotiQ). (4.31) 

Now we win prove that (fk) is a minimizing sequence for the variational problem 
(fLMl) with Ml = IIQII^i and Mj = ||i(Q)||Li. First, from (ITOD and (lOTD . we 
have Ti)^{fk) < Tfe^.. Combining it with 

(4.32) 

and with 

Tfc, <T,,(Q) = (4.33) 
given by the definition of T^^ and the radial symmetry of Q, we obtain 

limsup / < / ^Q. (4.34) 



2 



Finally, using Epot{fk) = Epot{Q), "^(Q) = and the interpolation inequality (|1.7p 
which gives a lower bound for |||^^P/a;||li , one gets 



IIAIIli = IIQIUi, limsup ||i(/fc)||i:i < ||j(<3)llLi and limsup — < 0. 

k-¥+oo fc— )-+oo lll'^^l JkuL^ 



IIli 

(4.35) 
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Thus, following the proof of Proposition 13.11 one deduces that there exists a min- 
imizer / of the variational problem (|1.14p with Mi = \\Q\\li and Mj = \\j{Q)\\L^ 
having the same kinetic energy as Q, and such that, up to a subsequence, 

\ 1 1 1 ^ I '^Q II \ "^/^ 

>^kx, — ) / in £j, where Afe = ( ,,, ,^ „ ) . (4.36) 

^fc/ Vlll^r/fcllLi/ 

Recah that Q is a steady state of (jl.ip . thus J{Mi,Mj) = 1. Since / \v\'^f = J \v\'^Q, 
this yields Epot{f ) = Epot{Q)- Furthermore, from 

EpotiQ) = Epotifk) = ^Epotifk) ^T^d Epotifk) — > Epotif) = EpotiQ), 
we deduce that 

Afc — 7- 1 as A; — 7- +oo. 

Moreover, we deduce from Theorem 11.11 that / is continuous and satisfies the ex- 
pression (jl.lSp . Therefore (pf cannot be constant on Supp(pj), which implies 

EpotiQ) = Epotif) < II'/'/IIl-II/IIli = II0/IIl-||Q||li. (4.37) 

On the other hand, from (|4.3ip and the rescaling inequalities of Appendix [Aj we 
get 

II , II .2 Epotif) , Epotif) , , , 



Hence, since (hf converges to (/>/■ in we have 

Ik 

hm Uf.h- -^""'^^^ 



fc^+oo"'/fc" 11/11^1 

which contradicts the strict inequality (|4.37p . The proof of Lemma [4.51 is complete. 

□ 

Step 3: construction of Qb, minimizer of (14. 5p . Let b £ [0,6*], where b* is defined 
in Lemma [4.4l and let be a minimizing sequence of the variational problem (|4.5p . 
Then, the sequence (i/^) given by Lemma [4.4l lies in a compact interval [u^ , u^]. Up 
to a subsequence, (z/^) converges to some 17^ > as n — )• +oo. By Lemma |4.3| we 
have 

where ^ ft, in L^. Moreover, from the kinetic control (|4.15p . (Q**'''"''^^" ) is 
bounded in 8,j^rad E^nd thus. 



EpotiQ*"'""^'") = lim EpotiQ^^'^-^f^) = EpotiQ). 

Let us denote Qh := Q*^''^'''^^b and make another rearrangement. Applying Lemma 
14.41 there exists z^b > such that 

(i) EpotiQ*'''"''^'^^) = EpotiQ). 

(ii) T6(Q*^'^'''^eb) < niQb) with equality only if Q*^'^f<^«6 = Q^. 
By lower semicontinuity, we have 

Tfe<Tfe(Qfe)<liminfrb(g*''""*/^)< lim nif^) = n. 

ra— )-+oo ra— )-+oo 

Therefore Tfe(g**''''''^Qi>) = TbiQb) = n which implies that Qb = Q*^'''''^Qb. In 
particular, Qb takes the desired form (|4.3p and similar arguments as in Section [2. 2| 
Step 3, give the regularity of Qb stated in Theorem 11.51 
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Step 4- We prove here that the above constructed sequence (Qb) converges to Q in 
£,j, as & — )• 0. Remark first that Qq = Q and then = 1- Indeed, we claim that 
Qo and Q are two radiahy symmetric equimeasurable steady states of (jl.ip (with 
5 = 0), which minimize (|1.14p . and have the same kinetic energy. This enables 
to apply Lemma 11.21 (ii) and conclude that Qo = Q- Let us prove this claim. 
First, since Q is a steady state of (jl.ip which minimizes (|1.14p . and since Qq is 
equimeasurable to Q, we have 

K{Qo) > K{Q) = I. 

Second, Qo being a minimizer of (|4.5p with 6 = 0, and since Epot{Qo) = Epot{Q), 
we also have 

KiQ) > KiQo). 

This yields K{Q) = K{Qq) = 1 and then Q and Qq are both minimizers of ()1.14p . 
Since these functions are equimeasurable, the claim is proved. 
Now, similarly as for ()4.34p . one can prove that 

/•bp rbP 

limsup J —Qb < J —Q- 

Moreover, sinee Q rs a ™zer of OM, the function % saf.fies J l^fQ, > 
v\'^Q for all b. Thus, we have 

If P „ f b'^ 



2 ^Q as 6^0 (4.38) 



and the sequence (Qb) satisfies 

^{Q 

\v\^Qb\\L^ 

Thus, by Proposition 13.11 one deduces that we have 



Qb G Eq(Q) and „,^,;^ > 0. 



Qb (^Xbx, ^Q in £j, where A5 = (pj^^) ^ • (^.39) 

From ()4.38p . we finally deduce that Ab — )• 1 and that 

^ Q in Ej as 6 ^ 0. (4.40) 

Step 5: convergence of (vb) as 6 — )• 0. We recall that Qb takes the form (|4.3p . thus 
satisfies the equation 

V ■ V^Qb - i'b'^x4>Qb ■ "^vQb + bx{x) (x ■ V^Qb - V ■ V^Qb) - b{x ■ v)VxX ■ "^vQb = 0. 

(4.41) 

We aim to apply Lemma IC.ll Multiply the two last terms of (|4.4ip hy x ■ v and 
integrate on M^. Integrations by parts give 

/ {x ■ v) bx{x) (x • VxQb — V ■ VvQb) dxdv = —b {x ■ v){x ■ V x)Qbd-xdv 

and 

— / b{x ■ v)"^ Va;X • V vQbdxdv = +25 / {x ■ v){x ■ Vx)Qbdxdv. 
Jr6 Jr6 
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Then, from Lemma [C.l[ 

T^bEpotiQ) - I \v\'^Qbix,v)dxdv = b I {x ■ v){x ■ VxjQbdxdv, 

where 



]R6 



(4.42) 



b / {x ■ v){x ■ 'Vx)Qbdxdv 



<f'^vl|Vx||j 



Using (lOHl) . (021) and J{{Q) = 0, we obtain z^;, 1 as 6 ^ 0. 

Step 6: choice of r^.. Now, we seek such that, for all b G [0,6*], Supp(/5Qj^) C 
-8(0, r^). We have seen that Lemma [4.31 (i) gives 



Supp(Q;,) C <^ {x,v), n4>Qtix) < %l 



(4.43) 



where is defined by (|4.14|) . Remark first that from the continuity of the function 
(6, (/)) I— 7- in Lemma [4.2| we deduce 



Let 63 > small enough such that 



[r^:) < as 6 0. 



and ||Qb||£, <2||Q||£,, 



ui, 2 2ub 4 

where we recall that — )• Q in £j. Then, for b < min(6*, 63), ()4.43p yields 



Supp(/)qJ C < 2; G M^^ (l)Q,(.x)< 



(4.44) 



Moreover, by ()4.8p . the function satisfies 

^ . . ^ g||Qb||£, ^ 2C||Q||£, 
^ ^37^ ^ 

where C is a universal constant. Now we set 



„|3/2 ' 



f 8C\\Q\U 



2/3 



(4.45) 



(4.46) 



From (j4.44p and (|4.45p . renoting 6* = min(fe*,63), we deduce that, for < 5 < b*, 
we have 

Supp(pqJ C {x£ M^ |x| < r^} . 
The proof of Proposition 14.11 is complete. □ 



Appendix A. Rescalings 

Let / E Ej and let 7 > 0, A > and /x > 0. Then the rescaled function / defined 
by f{x,v) = 'yf{j,fiv) satisfies the following identities. 

Norms 



A3 



l|j(/)lli 



A3 

^3 



IU(7/)II 



\v\'f 



A3 



^0 M Mi, 
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Functions 
Potential energy 

/i ji 

Lemma A.l. Let f € £j\{0} and Mi,Mj > 0. Then there exists an unique pair 
of positive constants (7, A) such that the rescaled function f defined by 

f{x,v)=^f(^^x,v^ (A.l) 
satisfies = Mi and ||i(/)||Li = Mj. Moreover, 7 and A satisfy 

Proof. The rescaling (jA.ip gives immediately 

\\fh^=\\\fh^ and ||j(/)llLi=-||i(7/)llL- 

7 

Hence, / satisfies ||/||ii = Mi and ||j(/)||ii = Mj as soon as 

Ml lli(7/)ILi _ 



A = -rrrr, — and 



7lli(/)llLi 

The first parameter A is then uniquely determined. Notice also that ()A.2|1 is a direct 
consequence of the nondichotomy condition (II. 9p . It remains to prove the existence 
of a unique suitable 7. 

Consider now the function of 7 G defined by 

l|j(7/)ILi 



From the nondichotomy condition (|1.9p . we have 

lim h{'~f) = 0, lim h{'y) = +00. 

7— >-0 7— >+oo 

Moreover, from a direct calculation, one gets 

N ^ II/(7/)/IIli _ lli(7/)llLi > /„ .X IIj(7/)IIli . n 
7lb-(/)llLi 72|U(/)IIli ^^IU(/)IIli ' 

where we used Assumption (H3) on the function j. Hence, there exists a unique 
7 G M!J^ such that 

^ Mj 

and the Lemma is proved. □ 
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Appendix B. Some properties of radially symmetric potentials 

Lemma B.l. There exists a constant C > such that, for all f £ spherically 
symmetric, we have for all 2; G 

-i^ii/iiii<.^;(x)<o. (B.l) 

Moreover, for allO < a < 1, there exists a constant Ca > such that, for all f £ 8,j 
spherically symmetric, we have for all x G M'^ 

Recall that cf)^ and are defined by ()1.3p . 

Proof. Passing to the spherical coordinate s = |y| and x-y = 2rs cos 9 in (|1.3|) . one 

gets 

<P^ix) = - r r -—-^^^^^^^^—^s'dsde = - p,is)g::{s)s^ds, 
^ Jo Jo 2{s^ + -IrscosOy'^ Jo 

(B.3) 

<^f(x) = -l P r 2/'i'^f ^ s'dsd9 = -^ pj{s)g^^{s)s^ds, 
■' ' I ^ J.Z _ cos Jo 

(B.4) 



where 



r + s 



Note that 



,f (.) = + and g^Hs) = - In 

r s sr 

afis) = -5f (-) and g^^{s) = \gf 

r \r J \r j 

Since g^ belongs to L°°, (|B.3p yields directly (|B.ip . Next, we remark that g^ 

belongs to L'^((0, +00), s^ds) for all k G (3, +00), which gives 



ilr \\j k((n <r^,\ e2rlQ\ — 



c 



lL'=({0,+oo),s2ds) — 2-'^ ' 
T ^ 

We finally obtain ()B.2p by applying the Holder inequality to (IB.4p . Indeed, thanks 
to interpolation inequalities and under Assumption (H2), / G £j implies that /O/ G 
n L'^/^((0, +00), s'^ds). The proof of the lemma is complete. □ 

Lemma B.2. Let {fn)n>i be a hounded sequence of £,j such that pj^ is radially 
symmetric. Then there exists f G £j such that, up to a subsequence, 

(i) fn^f m LP{R^), 

(ii) Epotifn) ->■ Epotif), 

(Hi) for alll<q< (t)f^ (pf m L9(M3). 

Proof. Since p > 1, we have fn^f in -Z^^(IR^) up to subsequence, which yields (i). 
Let us prove (ii). The convergence of the Poisson potential energy is well-known, 
see e.g. |11) . Let us prove the convergence of the Manev potential energy. We 
remark that 

EUfn) = WhfJh with hj^ = {-A)-'l^pf^. 
Hence, from ()1.7p . we deduce that the sequence hj^ is bounded in . Moreover, 
by interpolation, we have that pj^^ is bounded in L}- n U"-^ with pQ = |^Ef £ (f' f] 
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and then, by standard Sobolev inequalities, the sequence ((— A)'=/ij^) is bounded in 
L^(R^) for e > small enough. This yields some local compactness and we have 
hf^ — )• hf in Lf^^{W^). Hence, to conclude Item (ii), it suffices to prove a uniform 
decay at the infinity. For all i? > 0, we have 




where we used a Holder inequality, the uniform boundedness of pf^ in L^/^ and 
()B.2p with a = 1/2. Finally, we have proved that hj^ ^ hf in L^(M'^), which gives 
in particular E^^^ifn) ^ E^^^if). 

The proof of (in) is similar. It is sufficient to remark that = (— A)^^/^/9j^ 
to obtain the local compactness of (</'*^) in L'?(]R^) and the uniform decay at the 
infinity, given bv lB.2[ enables to conclude. □ 



Appendix C. Virial identity 

In this Appendix, we prove the following lemma. 

Lemma C.l. Let f £ 8.j be a continuous and compactly supported function which 
satisfies 

v-VJ-V,^f ■V,f = g (C.l) 

in the distributional sense, where g belongs to L^(M^). Then the following virial 
identity holds: 

E^otif)- [ \v\^f{x,v)dxdv = - [ {x-v)g{x,v)dxdv. (C.2) 
Proof First, integrations by parts give 

{x ■ v) {v ■ Vxf) dxdv = — / \v\'^ f{x,v)dxdv 



and 



{x-v)Vx4>f ■'Vvfdxdv= / pfX-Vx^Pf dx. 
Therefore, it remains to prove that this term is well defined and satisfies 

p,x-yAfdx = E^'jf). (C,3) 



/ 



We observe that pf G Pi since / is continuous and compactly supported. 

In particular, we have (— A)^/^^j^ = —pf G L^(M^). Moreover, from (II. 3p we 
get (pf £ L*(R^) for aU q g]|,+oo], in particular (pf G L^(M^). We thus have 
(pf G if^(]R2) and the integral in ([03]) is well defined. 
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Let US now regularize the Manev kernel, setting for e > 




dy. 



We have clearly M — )• (j)¥ in H^{M.^) as e — )• and then 




/ pfX-V^cfffdx = {2-£)Ce I pf{x)pf{y) 




dxdy 



Passing to the limit as e — )• yields (|C.3p . The proof is complete. 



□ 
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